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DeriNition 4.1 (A-algebra). An A -algebra is the data of a dg module (A, 0)
together with operations
my : A% — A, n>2

of degree |m,,| = n — 2, satisfying the equations
[0,m,] = — Z (=P my, 1, (1d®P @ m, ®id®7), n > 2.

p+qg+r=n
2€<g<n—1

q



MY = T
(ed)c alne
™, "!.Y \{/hl\)l \\ an “\?'L"“

Vv'nov‘ \aroducl' Wy

1 &3S e Ct'“\’;vl.

y ap te Fomats £ of

DermNition 4.2 (A -morphism). An A -morphism F : A ~ B between two

Ao-algebras (A, {m,}) and (B, {m/}) is a family of linear maps

fn A®" — B n>1
of degree |f,| = n — 1, satisfying the equations

[0, fn] = Z (=P £, 1, (id®P@m,®id®") — Z (—1)*mp(fi;® - ®f;i ),
pH+q+r=n 21 +-+ir=n
q22 k22

for n > 1, where ¢ = Zk (k —u)(1—1,).
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Definition 1.1. A cellular diagonal of a polytope P is a continuous map P — P x P such
that
(1) its image is a union of dim P-faces of P x P (i.e. it is cellular),
(2) it agrees with the thin diagonal on the vertices of P, and
(3) it is homotopic to the thin diagonal, relative to the image of the vertices.

A cellular diagonal is said to be face-coherent if its restriction to a face of P is itself a
cellular diagonal for that face.
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Definition 9. The diagonals polytope Dp of a polytope P is the fiber polytope
Y(P x P, P) of the projection

PxP — P
z+
(z,y) — =+
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Tueorem 2. The cellular image of the diagonal map A, : J, — J, x J,, intro-
duced in Definition 2.12 admits the following description. For N and N two 2-colored

nestings of the linear graph with n vertices, we have that
(N, N)YeImA, < V(I,J)eD(n), IBe B(N), |[BNnI|>|BnNJ| or
3Q € QIN), [(QU{n})NI[>[(QU{n})N.J| or
dB" € B(N'), |B'nI| < |B'nJ| or
3Q" € QIN'), [(Q"U{n})NI| <|(Q"U{n})NJ].

No([ee])=(ee)x[ee]|]U[ee]|Xx(ee)
Dg([ewe])=((ee)e)x[one]
U[ese]|x(e(oe))U (eee)x[e(ee)]
U(eee)x(e[ee])U[e(ee)|x(e[ee])U[(ee)e]x([ee]e)
U[(ee)e|x(oeee )U ([ee]e )X (eee)
AVIIEX X X )

= (((ee)e)e)x eeee] U [eeee|x(o(0(0e))) U ((eee)e)x eo(oe)e]

[(eee )o | x(o(e0e)e)
([e(ee)]o)x(ofon]e)

((ee)ee)x(oe[ee|) U [(eee)o|x(o(0ee ))

U ([ee][ee])x(ee(ee)) U ((eee)e)x|[e(eee)] U ([ee]ee)x (e es))
U (e(ee)e)x[e(eee)] U ([eee]e)x(e(ee)e) U ((ee)ee)x|[ee(ee)]
U ([eee]e)x(e(oeee)) U[((ee)e)e]|x([ese]e)U [ee(ee)]x(o(e[ee]))
U[(ee)(ee)]x([oee][ee])U[e(ee)e|x(e([oe]e))U ((ee)ee)x([ee][ee])
U [e(ee)e]x(e(eee)) U[e((ee)e)|x(e[eee])U [(ee)ee]x([ee](ee))
U (e(ee)e)x(e[eee]) U ((eee)e)x(e[eee]) U [(ee)ee|x(oee(ee))
U ([(ee)e]e)x([ee]ee) U[e(eee)[x(e][e(ee)])U[((ee)e)e]|x([ee]ee)
U [e(eee)|x(e(e[ee])) U (e|/ee]e)x(e(eee)) U (([ee]e)e)x(oeeee)
U (eeee)x|[e(e(ee))] U ([(ee)e]e)x(eeee) U (eeee)x(o[e(oe)])
U [((ee)e)e]|x(eeee) (eoee)x(o(oe[0e]|)) U ([ee](ee))x(0e[ee])
U [(eee)e]x([e(ee)]e) U [(ee)(ee)]x(ee[ee]) U[(eee)e]x(e([ee]e))
U

U

U
U
U
U

((eee0 )e )x(o[o0e]e) U[((ee)e)e|x(eo|[0e]e)



Pairs (F,G) € InA(py) | Polytopes |0 1 2 3 4 5 6 | [OEI22]
Assoc. 1 2 6 22 91 408 1938 | A000139

dim F' 4+ dim G = dim P Multipl. 1 2 8 42 254 1678 11790 | to appear
Permut. 1 2 8 50 432 4802 65536 | AO07334
Assoc. 1 3 13 68 399 2530 16965 | A000260

dim F'=dimG =0 Multipl. 1 3 17 122 992 8721 80920 | to appear
Permut. 1 3 17 149 1809 28399 550297 | A213507

Ficure 8. Number of pairs of faces in the cellular image of the diag-

onal of the associahedra, multiplihedra and permutahedra of dimen-

sion 0 < dim P < 6, induced by any good orientation vector.
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